Abstract. We give an overview of progress on homogeneous Einstein metrics on large classes of homogeneous manifolds, such as generalized flag manifolds and Stiefel manifolds. The main difference between these two classes of homogeneous spaces is that their isotropy representation does not contain/contain equivalent summands. We also discuss a third class of homogeneous spaces that falls into the intersection of such dichotomy, namely the generalized Wallach spaces. We give new invariant Einstein metrics on the Stiefel manifold V5R n (n ≥ 7) and through this example we show how to prove existence of invariant Einstein metrics by manipulating parametric systems of polynomial equations. This is done by using Gröbner bases techniques. Finally, we discuss some open problems.
Introduction
A Riemannian manifold (M, g) is called Einstein if it has constant Ricci curvature, i.e. Ric g = λ · g for some λ ∈ R. Due to an old result of Hilbert, for M compact, Einstein metrics are precisely the critical points of the scalar curvature functional over the set of Riemannian metrics of volume 1. If λ > 0 then M = G/H is compact, if λ = 0, M is Ricci flat, and if λ < 0 then G/H non-compact. For results on Einstein manifolds before 1987 we refer to the book by A. Besse [Be] . The two articles [Wa1] , [Wa2] of M. Wang contain results up to 1999 and 2013 respectively. General existence results are difficult to obtain and some methods are described in [Bö] , [BöWaZi] and [WaZi] .
For homogeneous spaces M = G/K the problem is to find and classify all G-invariant Einstein metrics, or decide if the set of G-invariant Einstein metrics is finite or not. A conjecture by W. Ziller ( [BöWaZi] ) states that if rk(G) = rk(H), or if the isotropy representation of G/K contains only non equivalent summands, then the number of G-invariant Einstein metrics is finite.
The aim of the present article is to give an overview of recent progress on homogeneous Einstein metrics on large classes of homogeneous spaces, namely generalized flag manifolds, Stiefel manifolds and generalized Wallach spaces. The first two classes of homogeneous spaces fall into a certain dichotomy between homogeneous spaces whose isotropy representation decomposes into non equivalent summands and those whose isotropy representation contain equivalent summands. Generalized Wallach spaces lie in both classes of spaces. Furthermore, interesting and non trivial problems arise in both classes of spaces, which are discussed at the end of the paper as open problems.
The article also contains some new results concerning existence of new invariant Einstein metrics on the Stiefel manifold V 5 R n (n ≥ 7), thus extending a result in [ArSaSt] . Through this class of homogeneous spaces we have the opportunity to show how to prove existence on invariant Einstein metrics by manipulating parametric systems of polynomial equations. This is done by using Gröbner bases techniques.
The Ricci tensor for reductive homogeneous spaces
In this section we recall an expression for the Ricci tensor for an G-invariant Riemannian metric on a reductive homogeneous space whose isotropy representation is decomposed into a sum of non equivalent irreducible summands.
Let G be a compact semisimple Lie group, K a connected closed subgroup of G and let g and k be the corresponding Lie algebras. The Killing form B of g is negative definite, so we can define an Ad(G)-invariant inner product −B on g. Let g = k ⊕ m be a reductive decomposition of g with respect to −B so that [ k, m ] ⊂ m and m ∼ = T o (G/K). We assume that m admits a decomposition into mutually non equivalent irreducible Ad(K)-modules as m = m 1 ⊕ · · · ⊕ m q .
(1)
Then any G-invariant metric on G/K can be expressed as
for positive real numbers (x 1 , . . . , x q ) ∈ R q + . Note that G-invariant symmetric covariant 2-tensors on G/K are of the same form as the Riemannian metrics (although they are not necessarilly positive definite). In particular, the Ricci tensor r of a G-invariant Riemannian metric on G/K is of the same form as (2) , that is r = y 1 (−B)| m1 + · · · + y q (−B)| mq , for some real numbers y 1 , . . . , y q .
Let {e α } be a (−B)-orthonormal basis adapted to the decomposition of m, i.e. e α ∈ m i for some i, and α < β if i < j. We put A 2 , where the sum is taken over all indices α, β, γ with e α ∈ m i , e β ∈ m j , e γ ∈ m k (cf. [WaZi] ). Then the positive numbers k ij are independent of the B-orthonormal bases chosen for m i , m j , m k , and k ij = k ji = j ki .
Let d k = dim m k . Then we have the following:
Lemma 2.1. ( [PaSa] ) The components r 1 , . . . , r q of the Ricci tensor r of the metric , of the form (2) on G/K are given by
where the sum is taken over i, j = 1, . . . , q.
Since by assumption the submodules m i , m j in the decomposition (1) are mutually non equivalent for any i = j, it is r(m i , m j ) = 0. If m i ∼ = m j for some i = j then we need to check whether r(m i , m j ) = 0. This is not an easy task in general. Once the condition r(m i , m j ) = 0 is confirmed we can use Lemma 2.1. Then G-invariant Einstein metrics on M = G/K are exactly the positive real solutions g = (x 1 , . . . , x q ) ∈ R q + of the polynomial system {r 1 = λ, r 2 = λ, . . . , r q = λ}, where λ ∈ R + is the Einstein constant. If some of the submodules in (1) are equivalent as Ad(K)-modules, then the computation of the Ricci tensor is more laborious (e.g. using basic formulas from [Be] or proving other variations of these).
Homogeneous spaces with non equivalent isotropy summands
A generalized flag manifold is a a homogeneous space M = G/K where G is a compact semisimple Lie group and K is the cetralizer of a torus in G. Equivalently, it is diffeomorphic to the adjoint orbit Ad(G)w, for some w ∈ g, the Lie algebra of G. Typical examples are the manifolds of partial flags SU(n)/ S(U (n 1 ) × · · · × U(n k )) (n = n 1 + · · · + n k ) and full flags SU(n)/T in C n , where T = S(U(1) × · · · U(1)) is a maximal torus in SU(n).
Next, we will present the Lie theoretic description of a generalized flag manifold.
3.1. Decomposition associated to generalized flag manifolds. Let G be a compact semisimple Lie group, g the Lie algebra of G and h a maximal abelian subalgebra of g. We denote by g C and h C the complexification of g and h respectively. We identify an element of the root system ∆ of g C relative to the Cartan subalgebra h C with an element of h 0 = √ −1h by the duality defined by the Killing form of g C . Let Π = {α 1 , . . . , α l } be a fundamental system of ∆ and {Λ 1 , . . . , Λ l } the fundamental weights of g C corresponding to Π, that is
where {Π 0 } Z denotes the subspace of h 0 generated by Π 0 . Consider the root space decomposition of
We define a parabolic subalgebra u of g C by
where ∆ + is the set of all positive roots relative to Π. Note that the nilradical n of u is given by n
. Let G C be a simply connected complex semi-simple Lie group whose Lie algebra is g C and U the parabolic subgroup of G C generated by u. Then the complex homogeneous manifold G C /U is compact simply connected and G acts transitively on G C /U . Note also that K = G ∩ U is a connected closed subgroup of G, G C /U = G/K as C ∞ -manifolds, and G C /U admits a G-invariant Kähler metric. Let k be the Lie algebra of K and k C the complexification of k. Then we have direct decompositions u = k C ⊕n,
Take a Weyl basis
where N α, β = N −α, −β ∈ R. Then we have
and the Lie subalgebra k is given by
For integers j 1 , · · · , j r with (j 1 , · · · , j r ) = (0, · · · , 0) , we put
Then we have a decomposition of m into mutually non-equivalent irreducible Ad
Then the Lie algebra k is given by k = z(s) (the Lie algebra of centralizer of a torus S in G).
We consider the restriction map κ : h * 0 → t * , α → α| t and set ∆ T = κ(∆). The elements of ∆ T are called T -roots.
There exists ( [AlPe] ) a 1-1 correspondence between T -roots ξ and irreducible submodules m ξ of the Ad G (K)-module m C given by
Thus we have a decomposition of the Ad G (K)-module m C as m C = ξ∈∆ T m ξ . Denote by ∆ + T the set of all positive T -roots, that is, the restricton of the system ∆ + . Then we have n = ξ∈∆ + T m ξ . Denote by τ the complex conjugation of g C with respect to g (note that τ interchanges g C α and g C −α ) and by v τ the set of fixed points of τ in a complex vector subspace v of g C . Thus we have a decomposition of Ad G (K)-module m into irreducible submodules as m = ξ∈∆
There exists a natural 1-1 correspondence between ∆ + T and the set {∆(j 1 , · · · , j r ) = ∅}. For a generalized flag manifold G/K, we have a decomposition of m into mutually nonequivalent irreducible Ad G (H)-modules as m =
Thus a G-invariant metric g on G/K can be written as
for positive real numbers x ξ , x j 1 ···jr .
Then Z t is a lattice of t generated by {Λ i 1 , . . . , Λ ir }. For each Λ ∈ Z t there exists a unique holomorphic character χ Λ of U such that χ Λ (exp H) = exp Λ(H) for each H ∈ h C . Then the correspondence Λ → χ Λ gives an isomorphism of Z t to the group of holomorphic characters of U . Let F Λ denote the holomorphic line bundle on G C /U associated to the principal bundle U → G C → G C /U by the holomorphic character χ Λ , and H(G C /U, C * ) the group of isomorphism classes of holomorphic line bundles on
Then it is known that homomorphisms Z t
3.2. Kähler-Einstein metrics on a generalized flag manifold. We set Z 
positive integer. The G-invariant metric g 2δm on G/K corresponding to 2δ m , which is a Kähler Einstein metric, is given by
Example. For the generalized flag manifold
where n ≥ 3, p, q ≥ 1, we see that Π − Π 0 = {α p , α p+q }, where α p and α p+q are two simple roots in the Dynkin diagram of sp(n) painted black. The painted Dynkinh diagram is shown below
3.3. Einstein metrics on generalized flag manifolds with two isotropy summands. We assume that the Lie group G is simple. For a generalized flag manifold G/K, we denote by q the number of mutually non equivalent irreducible Ad G (K)-modules m(j 1 , . . . , j r ) with m = j 1 ,··· , jr m(j 1 , . . . , j r ).
If q = 1, it is known that G/K is an irreducible Hermitian symmetric space with the symmetric pair (g, k). If q = 2, we have two G-invariant Einstein metrics on G/K. One is Kähler-Einstein metric and the other is non Kähler Einstein metric ([ArCh1] ). In fact, we see that the case q = 2 occurs only in the case r = b 2 (G/K) = 1 and m = m(1) ⊕ m(2) (cf. [ArChSa1] ). Note that only 2 11 is non-zero. Put
, the components r 1 , r 2 of Ricci tensor r of the metric , are given by
Since the metric ( , ) = 1·B| m(1) +2·B| m(2) is Kähler Einstein, we see that
is Einstein if and only if r 1 = r 2 . We normalize the equation r 1 = r 2 by putting x 1 = 1. Then we see that the equation r 1 = r 2 is reduced to a quadratic equation of x 2 and we have solutions x 2 = 2 and
is not Kähler.
3.4. Einstein metrics on generalized flag manifolds with three isotropy summands. The case q = 3 was studied by the author and Kimura independently in [Ar1] and [Ki] . We see that either
For the case of r = b 2 (G/K) = 1 we denote the T -roots system of type A 1 (3), that is ∆ + T = { ξ, 2ξ, 3ξ }. There are seven cases. The components r 1 , r 2 , r 3 of the Ricci tensor r of the metric ,
3 12
The system of equations r 1 = r 2 = r 3 reduces to a polynomial equation of degree 5. There is a unique Kähler-Einstein metric and two non Kähler Einstein metrics. These were explicitely found in [AnCh] .
For the case q = 3 and b 2 (G/K) = 2 we denote the case of r = b 2 (G/K) = 2 that T -roots system is of type A 2 , that is ∆
There are three cases here. The space SU(n)/ S(U(ℓ)×U(m)×U(k)) (n = ℓ + m + k) admits three Kähler-Einstein metrics (for ℓ, m, l distinct) and one non Kähler Einstein metric. The space SO(2n)/(U(n − 1)×U(1)) admits two Kähler-Einstein metrics and one non-Kähler Einstein metric. Finally, the space E 6 /(SO(8)×U (1)×U (1)) admits a unique Kähler-Einstein and a unique non Kähler Einstein metric. This metric is normal.
3.5. Einstein metrics on generalized flag manifolds with four isotropy summands. We see that in this case either r = b 2 (G/K) = 1 or r = b 2 (G/K) = 2. For the case r = b 2 (G/K) = 1 we denote the T -root system of type A 1 (4), that is ∆
There are four flag manifolds of this type and G is always an exceptional Lie group. It follows that they admit one Kähler-Einstein and two non Kähler Einstein metrics.
For the case of r = b 2 (G/K) = 2 we denote the T -root system of type B 2 , that is ∆
There are six flag manifolds of this type. We divide the cases of type B 2 into B 2 (a) and B 2 (b).
. These results are presented in [ArCh2] .
For the case of B 2 (a), there exist exactly eight G-invariant Einstein metrics on G/K, four of them are Kähler-Einstein and the others are non-Kähler Einstein. All above results are presented in [ArCh2] .
The case of B 2 (b) is the most difficult one. For SO(2ℓ)/(U(p) × U(ℓ − p)) ( ℓ ≥ 4 and 2 ≤ p ≤ ℓ − 2), there exist four non-Kähler Einstein metrics for the pairs (ℓ, p) = (12, 6), (10, 5), (8, 4), (7, 4), (7, 3), (6, 4), (6, 3), (6, 2), (5, 3), (5, 3), (4, 2). For the other pairs (ℓ, p), there exit two non-Kähler Einstein metrics. The complete study if this space as well as the isometry problem is presented in the paper [ArChSa1] .
Finally, the space Sp(ℓ)/(U(p)× U(ℓ − p)) admits four isometric Kähler-Einstein metrics and two non Kähler Einstein metrics (cf. [ArChSa1] ). These metrics are isometric, as it was proved in [ArChSa5] .
In order to get an idea of the difficulty of such parametric systems of equations, we mention that the Einstein equation for Sp(n)/(U(p) × U(n − p)) reduces to the system r 1 − r 3 = 0, r 1 − r 2 = 0, r 3 − r 4 = 0, which is equivalent to the parametric system
for the unknowns x 1 , x 2 , x 3 , x 4 > 0.
3.6. Einstein metrics on generalized flag manifolds with five isotropy summands. The classification of generalized flag manifolds M = G/K with five isotropy summands was obtained in [ArChSa4] . They are obtained in the following ways: paint black one simple root of Dynkin mark 5, that is Π\Π 0 = {α p : Mrk(α p ) = 5}, or paint black two simple roots, one of Dynkin mark 1 and one of Dynkin mark 2, that is Π\Π 0 = {α i , α j : Mrk(α i ) = 1, Mrk(α j ) = 2}, or paint black two simple roots both of Dynkin mark 2, that is Π\Π 0 = {α i , α j : Mrk(α i ) = Mrk(α j ) = 2}. They correspond to the spaces
The main difficulty in constructing the Einstein equation for a G-invariant metric on one of the above homogeneous spaces is the calculation of the non zero structure constants k ij of G/K with respect to the decomposition
the tangent space of M . A first step towards this procedure, is to use the known Kähler-Einstein metric (cf. Section 4). Secondly, and this is was the main contribution of the papers [ArChSa4] and [ChSa] , we can take advantage of the fibration of a flag manifold over another flag manifold, and by using methods of Riemannian submersions it possible to compare the Ricci tensors of the total and base spaces, respectively. Such fibration is a an extension of the well known twistor fibration of a generalized flag manifold over a symmetric space (cf. [BuRa] ). In this way we can calculate k ij in terms of the dimension of the associated submodules m i . The Einstein equation reduces to a polynomial system of four equations in four unknowns. For the exceptional flag manifolds it is possible to classify all homogeneous Einstein metrics. For the classical flag manifolds a complete classification of homogeneous Einstein metrics in the general case is a difficult task, because the corresponding systems of equations depend on four positive parameters (which define the invariant Riemannian metric), the Einstein constant λ > 0 and the positive integers ℓ and p. However, by using Gröbner bases we can show that the equations are reduced to a polynomial equation of one variable and then we can prove the existence of non Käler Einstein metrics. In fact, this is another contribution of [ArChSa4] , because we show existence of real solutions for polynomial equations whose coefficients depend on parameters (ℓ and p). Finally the isometry question for the Einstein metrics found, is also answered in this work. The results of [ArChSa4] and [ChSa] can be summarized as follows: The highest root α of g C 2 is given by α = 2α 1 + 3α 2 . Thus we have a decomposition of m into six mutually non-equivalent irreducible Ad (2, 3) . There is only one complex strucure and thus, up to isometry, there exist only one Kähler-Einstein metric. There exist two non-Kähler Einstein metrics up to isometry. These are obtained from solutions of polynomial of degree 14 (cf. [ArChSa6] ). There are four other generalized flag manifolds (all determined by the exceptional Lie groups, F 4 , E 6 , E 7 , E 8 ) with T -roots being of G 2 type. For all cases, there is only one Kähler-Einstein metric and at least six non Kähler Einstein metrics up to isometry.
Other examples are the flag manifold SU(4)/T and SU(10)/ S(U(1)×U(2)×U(3)×U (4)). Note that for these cases q = 6 and the system of T -roots is of type A 3 . For the case SU(4)/T there is only one complex strucure and thus, up to isometry, there exists only one Kähler-Einstein metric. There exist three non Kähler Einstein metrics up to isometry, one of them is normal (cf. [Sak] ). For the case SU(10)/ S(U(1) × U(2) × U(3) × U(4)) there are twelve complex strucure and thus, up to isometry, there exist twelve Kähler-Einstein metrics. There exist twelve non Kähler Einstein metrics up to isometry. These are obtained from solutions of polynomial of degree 68.
In [ArChSa2] all invariant Einstein metrics were found for the generalized flag manifolds Sp(3)/(U(1)×U(1)×Sp(1)), Sp(4)/(U(1)×U(1)×Sp(2)) and Sp(4)/(U(2)×U(1)×Sp(1)), and in [ArChSa3] generalized flag manifolds with G 2 -type t-roots (apart from the full flag manifold G 2 /T ), were classified. The main result is the following: Theorem 3.5. A generalized flag manifold G/K with G 2 -type t-roots, which is not the full flag manifold G 2 /T , admits exactly one invariant Kähler Einstein metric and six non Kähler invariant Einstein metrics up to isometry and scalar. These are the spaces
T admits exactly one invariant Kähler Einstein metric and two non Kähler invariant Einstein metrics up to isometry and scalar.
Also, in [ChSa] all E 8 -invariant Einstein metrics on E 8 / U(1) × SU(2) × SU(3) × SU(5) were classified and in [WaZh] all invariant Einstein metrics were classified on
Homogeneous spaces with equivalent isotropy summands
If the isotropy representation of a homogeneous space G/K m = m 1 ⊕ · · · ⊕ m q contains equivalent summands, then the description of all G-invariant metrics is more complicated, hence the problem of finding all invariant Einstein metrics is quite difficult. We refer to [St] for a study of invariant metrics on homogeneous spaces with equivalent isotropy summands.
An important class of homogeneous spaces with such a property are the real Steifel manifolds V k R n = SO(n)/ SO(n−k) of orthonormal k-frames in R n (as well as the complex and quaternionic Stiefel manifolds V k C n = SU(n)/ SU(n−k) and V k H n = Sp(n)/ Sp(n−k) of orthonormal k-frames in C n and H n respectively). The simplest case is the sphere S n−1 = SO(n)/ SO(n − 1), which is an irreducible symmetric space, therefore it admits up to scale a unique invariant Einstein metric. Concerning Einstein metrics on other Stiefel manifolds we recall the following: In [Ko] S. Kobayashi proved existence of an invariant Einstein metric on the unit tangent bundle T 1 S n = SO(n)/ SO(n − 2). In [Sa] A. Sagle proved that the Stiefel manifolds V k R n = SO(n)/ SO(n − k) admit at least one homogeneous Einstein metric. For k ≥ 3 G. Jensen in [Je2] found a second metric. For n = 3 the Lie group SO(3) admits a unique Einstein metric. For n ≥ 5 A. Back and W.Y. Hsiang in [BaHs] proved that SO(n)/ SO(n − 2) admits exactly one homogeneous Einstein metric. The same result was obtained by M. Kerr in [Ke] by proving that the diagonal metrics are the only invariant metrics on V 2 R n (see also [Ar2] , [AbKo] ). The Stiefel manifold SO(4)/ SO(2) admits exactly two invariant Einstein metrics ( [AlDoFe] ). One is Jensen's metric and the other one is the product metric on S 3 × S 2 .
Finally, in [ArDzNi1] the author, V.V. Dzhepko and Yu. G. Nikonorov proved that for s > 1 and ℓ > k ≥ 3 the Stiefel manifold SO(sk + ℓ)/ SO(ℓ) admits at least four SO(sk + ℓ)-invariant Einstein metrics, two of which are Jensen's metrics. The special case SO(2k+ℓ)/ SO(ℓ) admitting at least four SO(2k+ℓ)-invariant Einstein metrics was treated in [ArDzNi2] . Corresponding results for the quaternionic Stiefel manifolds Sp(sk+ℓ)/ Sp(ℓ) were obtained in [ArDzNi3] .
In the recent work [ArSaSt] it was shown that the Stiefel manifold V 4 R n = SO(n)/ SO(n− 4) admits two more SO(n)-invariant Einstein metrics and that SO(7)/ SO(2) admits four more SO(7)-invariant Einstein metrics (in addition to the ones obtained in [ArDzNi1] ). This was achieved by making appropriate symmetry assumptions on the set of SO(n)-invariant metrics on V 4 R n . We refer to [ArDzNi1] and [St] for a more general presentation of such method.
The Stiefel manifolds
, where the embedding of K in G is diagonal. This is an example of a generalized Wallach space. These spaces have been recently classified by Yu.G. Nikonorov ([Ni2] ) and Z. Cheng, Y. Kang and K. Liang ( [ChKaLi] ). If λ n denotes the standard representation of SO(n), then Ad SO(n) = ∧ 2 λ n . Let σ i : SO(k 1 ) × SO(k 2 ) × SO(k 3 ) → SO(k i ) be the projection onto the factor SO(k i ) (i = 1, 2, 3) and let In fact, m is given by k ⊥ in g = so(k 1 + k 2 + k 3 ) with respect to −B. If we denote by M (p, q) the set of all p × q matrices, then we see that m is given by
Thus the isotropy representation of
and we have
Note that the action of Ad(k) (k ∈ K) on m is given by
Thus the irreducible submodules m 12 , m 13 and m 23 are mutually non equivalent. We now consider the Stiefel manifold G/H = SO(k 1 + k 2 + k 3 )/ SO(k 3 ) and we take into account the diffeomorphism
)-invariant decomposition of the tangent space p of G/H at eH, where the corresponding submodules are non equivalent. Then we consider a subset of all G-invariant metrics on G/H determined by the Ad(SO(k 1 ) × SO(k 2 ) × SO(k 3 ))-invariant scalar products on p given by
for k 1 ≥ 2, k 2 ≥ 2 and k 3 ≥ 1. Since the submodules are non equivalent we can use Lemma [PaSa] and obtain the following:
Lemma 4.1. The components of the Ricci tensor r for the invariant metric , on G/H defined by (7) are given as follows:
where
For k 1 = 1 we have the Stiefel manifold G/H = SO(1 + k 2 + k 3 )/ SO(k 3 ) with corresponding decomposition p = so(k 2 ) ⊕ m 12 ⊕ m 13 ⊕ m 23 . We then consider G-invariant metrics on G/H determined by the Ad(SO(k 2 ) × SO(k 3 ))-invariant scalar products on p given by
Lemma 4.2. The components of the Ricci tensor r for the invariant metric , on G/H defined by (9), are given as follows:
where n = 1 + k 2 + k 3 .
4.2. The Stiefel manifold V 5 R n . For the Stiefel manifold V 5 R n = SO(n)/ SO(n − 5) we can let k 1 = 2, k 2 = 3, k 3 = n − 5 and consider Ad(SO(2) × SO(3) × SO(n − 5))-invariant scalar products of the form (7), or let k 1 = 1, k 2 = 4, k 3 = n − 5 and consider Ad(SO(4) × SO(n − 5))-invariant scalar products of the form (9).
Theorem 4.3. The Stiefel manifold V 5 R n = SO(n)/ SO(n − 5) (n ≥ 7) admits at least six invariant Einstein metrics. Two of them are Jensen's metrics, two are given by Ad(SO(4) × SO(n − 5))-invariant scalar products of the form (9), and the other two are given by Ad(SO(2) × SO(3) × SO(n − 5))-invariant scalar products of the form (7).
Proof. We consider Ad(SO(4) × SO(n − 5))-invariant inner products of the form 9. Then from Lemma 4.2 we see that the components of the Ricci tensor r are given by:
We consider the system of equations r 2 = r 12 , r 12 = r 23 , r 23 = r 13 .
We put x 23 = 1 and from system (12) we have:
12 + 5x 2 x 3 12 + nx 13 x 2 2 x 2 12 − 5x 13 x 2 2 x 2 12 + 2x 13 x 2 12 + nx 2 13 x 2 x 12 −5x 2 13 x 2 x 12 + nx 2 x 12 − 2nx 13 x 2 x 12 + 4x 13 x 2 x 12 − 5x 2 x 12 + 4x 13 x 2 2 = 0 f 2 = nx 3 12 − 4x 3 12 − 2nx 13 x 2 12 + 4x 13 x 2 12 + 3x 13 x 2 x 2 12 − nx 2 13 x 12 + 6x 2 13 x 12 −nx 12 + 2nx 13 x 12 − 4x 13 x 12 + 4x 12 − 3x 13 x 2 = 0 f 3 = 3x 2 12 − 2nx 12 + 2nx 13 x 12 − 4x 13 x 12 − 3x 13 x 2 x 12 + 4x 12 − 5x 2 13 + 5 = 0.
(13) We consider a polynomial ring R = Q[z, x 2 , x 12 , x 13 ] and an ideal I generated by {f 1 , f 2 , f 3 , z x 2 x 12 x 13 − 1} to find non zero solutions of the above equations. We take a lexicographic order > with z > x 2 > x 12 > x 13 for a monomial ordering on R. Then by the aid of computer, we see that a Gröbner basis for the ideal I contains the polynomial (x 13 −1) h 1 (x 13 ), where h 1 (x 13 ) is a polynomial of x 13 given by 
For the case x 13 = 1 system (13) gives:
Thus we obtain the system
The above system has three solutions:
The first solution is rejected, so we get the following
These two solutions of system (13) are Jensen's Einstein metrics on Stiefel manifolds pictured as follows:
Next we consider the case x 13 = 1. Then h 1 (x 13 ) = 0 and we will prove that the equation h 1 (x 13 ) = 0 has at least two positive roots. We observe that
is negative for n ≥ 7 and
is positive for n ≥ 7, hence we obtain one solution x 13 = α 13 between 0 < α 13 < 1. In fact, it is possible to show that 1 − 4/n < α 13 < 1 − 3/n. In the same way we observe that for n ≥ 7
is always positive, hence we have a second solution x 13 = β 13 between 1 < β 13 < 2. In fact, it is possible to show that 1 < β 13 < 1 + 10/n 2 .
Because for x 13 = 1 we take Jensen's metrics, we consider a Gröbner basis (take a lexicographic order > with z > x 2 > x 12 > x 13 ) for the ideal J generated by the polynomials {f 1 , f 2 , f 3 , z x 2 x 12 x 13 (x 13 − 1) − 1}. This basis contains the polynomial h 1 (x 13 ) and the polynomials
where the first polynomial is obtained by the lexicographic order z > x 12 > x 2 > x 13 and the second by the lexicographic order z > x 2 > x 12 > x 13 . The polynomial a(n) of n is of degree 51 and can be written as a(n) = 1603489(n − 7) 51 + 331629(n − 7) 50 + 3330235(n − 7) 49 + 21654178(n − 7) 48 + 10256996(n − 7)
47 + 37749148(n − 7) 46 + 1124243(n − 7) 45 + 278618(n − 7) 44 + 586377(n − 7)
43 + 10642404(n − 7) 42 + 16857968(n − 7) 41 + 23530271(n − 7) 40 + 29165722(n − 7)
39 + 32307839(n − 7) 38 + 32153102(n − 7) 37 + 28875189(n − 7) 36 + 23485774(n − 7)
35 + 17353528(n − 7) 34 + 11678023(n − 7) 33 + 71720699(n − 7) 32 + 40265082(n − 7)
31 + 20690586(n − 7) 30 + 97403757(n − 7) 29 + 42033064(n − 7) 28 + 16631548(n − 7)
27 + 60336057(n − 7) 26 + 20061477(n − 7) 25 + 61092907(n − 7) 24 + 17022304(n − 7)
23 + 43336722(n − 7) 22 + 10063783(n − 7) 21 + 21273147(n − 7) 20 + 40831997(n − 7)
19 + 70963420(n − 7) 18 + 11131153(n − 7) 17 + 15703148(n − 7) 16 + 19849915(n − 7)
15 + 22400611(n − 7) 14 + 22495760(n − 7) 13 + 20062962(n − 7) 12 + 15890989(n − 7)
11 + 11209194(n − 7) 10 + 70758073(n − 7) 9 + 40094148(n − 7) 8 + 20263187(n − 7)
7 + 89201697(n − 7) 6 + 32751057(n − 7) 5 + 94463613(n − 7) 4 + 19935475(n − 7)
3 + 28717417(n − 7) 2 + 27565510(n − 7) + 16817600.
Hence, we see that for n ≥ 7 the polynomial a(n) is positive. Thus for the positive values x 13 = α 13 , β 13 found above, we obtain real values x 2 = α 2 , β 2 and x 12 = α 12 , β 12 as solutions of the system (13). We claim that α 2 , β 2 , α 12 , β 12 are positive. We consider the ideal J generated by {f 1 , f 2 , f 3 , z x 2 x 12 x 13 (x 13 − 1) − 1} and now take a lexicographic order > with z > x 2 > x 13 > x 12 for a monomial ordering on R. Then we see that a Gröbner basis for the ideal J contains the polynomial h 2 (x 12 ) The polynomial h 2 (x 12 ) can be written as h 2 (x 12 ) = (2412504 + 5213484(−7 + n) + 4966002(−7 + n) 2 + 2728881(−7 + n) 3 +950664(−7 + n) 4 + 217336(−7 + n) 5 + 32580(−7 + n) 6 + 3088(−7 + n) +(105439675 + 117258450(−7 + n) + 51819665(−7 + n) 2 + 11453180(−7 + n)
−(55868000 + 53548600(−7 + n) + 19613300(−7 + n) 2 + 3365760(−7 + n)
+(20567500 + 16633875(−7 + n) + 4896700(−7 + n) 2 + 613200(−7 + n)
12 − (+4926250 + 3282750(−7 + n) + 739500(−7 + n) 2 + 56000(−7 + n) 3 )x 12 +601875 + 315000(−7 + n) + 45000(−7 + n) 2 Then we have that, for n ≥ 7 the coefficients of the polynomial h 2 (x 12 ) is positive for even degree and negative for odd degree. Thus if the equation h 2 (x 12 ) = 0 has real solutions, then these is are all positive.
Next we take the lexicographic order z > x 12 > x 13 > x 2 for the monomial ordering R. Then the Gröbner basis for the ideal J contains the polynomial h 3 (x 2 ) give by
The above polynomial can be rewritten as follows:
−(1776660480 + 3383889696(−7 + n) + 2750137920(−7 + n) 2 + 1239055920(−7 + n) 3 +338884128(−7 + n) 4 + 57943890(−7 + n) 5 + 6131268(−7 + n) 6 + 381348(−7 + n) 7 +12420(−7 + n) 8 + 162(−7 + n) 9 )x 9 2 +(7529406192 + 14385411216(−7 + n) + 11794825368(−7 + n) 2 + 5412553560(−7 + n) 3 +1528684479(−7 + n) 4 + 275559957(−7 + n) 5 + 31789143(−7 + n) 6 + 2286063(−7 + n)
+(31751845080 + 61819273140(−7 + n) + 52334228666(−7 + n) 2 + 25252421727(−7 + n)
−(35544821200 + 69080883040(−7 + n) + 58454603500(−7 + n) 2 + 28210577088(−7 + n)
+(25602766500 + 48488384800(−7 + n) + 39762417135(−7 + n) 2 + 18448573770(−7 + n)
−(11214712000 + 19967074400(−7 + n) + 15143699900(−7 + n) 2 + 6348086000(−7 + n)
+(2853346500 + 4609869000(−7 + n) + 3090157200(−7 + n) 2 + 1101382600(−7 + n) 3 +220180300(−7 + n) 4 + 23376400(−7 + n) 5 + 1027200(−7 + n) 6 )x 2 2 −(387090000 + 547743000(−7 + n) + 309590000(−7 + n) 2 + 87525000(−7 + n) 3 +12384000(−7 + n) 4 + 700000(−7 + n) 5 )x 2 +21667500 + 25785000(−7 + n) + 11587500(−7 + n) 2 + 2340000(−7 + n) 3 + 180000(−7 + n)
4
Then we see that for n ≥ 7 the coefficients of h 3 (x 2 ) are positive for even degree and negative for odd degree. Thus if the equation h 3 (x 2 ) = 0 has real solutions then these are all positive. Hence the numbers α 12 , α 2 , β 12 , β 2 are positive. In particular the positive solutions of (13) are {x 2 = α 2 , x 12 = α 12 , x 13 = α 13 , x 23 = 1} and {x 2 = β 2 , x 12 = β 12 , x 13 = β 13 , x 23 = 1}
and satisfy α 13 , β 13 = 1. Thus, these solutions are different from Jensen's Einstein metrics, and can be pictured as   0 β γ β α 1 γ 1 *   (α, β, γ are all different and γ = 1).
Similarly we can show that the Stiefel manifold V 5 R n = SO(n)/ SO(n−5) with Ad(SO(2)× SO(3) × SO(n − 5))-invariant scalar products of the form (7) admits at least four invariant Einstein metrics. Two of them are Jensen's Einstein metrics obtained before, and the other two are different from the Einstein metrics given by Ad(SO(4)×SO(n−5))-invariant scalar products. The computations are quite long, so we present the proof very briefly.
We consider the system of equations Note that in this case Jensen's metrics are pictured as   α α 1 α α 1 1 1 *   .
Generalized Wallach spaces
A generalised Wallach space is a homogeneous space M = G/K whose isotropy representation m decomposes into three Ad(K)-invariant irreducible and pairwise orthogonal submodules as m = m 1 ⊕ m 2 ⊕ m 3 , which satisfy the relations [m i , m i ] ⊂ k (i = 1, 2, 3). The original terminology of these spaces was three-locally-symmetric spaces ( [LoNiFi] ) since they generalize the defining property of classical symmetric spaces.
Some examples of generalised Wallach spaces are the Wallach spaces SU(3)/T max , Sp(3)/(SU(2) × SU(2) × SU(2)) and F 4 / Spin(8), the generalized flag manifolds SU(l + m + n)/ S(U(l) × U(m) × U(n)), SO(2l)/(U(1) × U(l − 1)), E 6 /(U(1) × U(1) × Spin(8)), the homogeneous spaces SO(l+m+n)/(SO(l)×SO(m)×SO(n)), Sp(l+m+n)/(Sp(l)×Sp(m)× Sp(n)), and (as special case) the Stiefel manifolds SO(n + 2)/ SO(2). As a consequence of their definition if follows that [m i , m j ] ⊂ m k , for i, j, k distinct. Despite their simple description, a complete classification of generalized Wallach spaces was given only recently by Yu.G. Nikonorov in [Ni2] and Z. Chen, Y. Kang and K. Liang in [ChKaLi] .
Invariant Einstein metrics on generalized Wallach spaces were been originally studied in [Ni1] . In that paper it is proved that every generalized Wallach space admits at least one invariant Einstein metric, and in [LoNiFi] that it admits at most four invariant Einstein metrics (up to a homothety). A good survey about them can be found in [ChKaLi] and [ChNi] .
The most subtle example is the homogeneous space SO(l + m + n)/(SO(l) × SO(m) × SO(n)), and in [ChNi] there is serious progress towards the classification of Einstein metrics in this space. It turns out that the number of invariant Einstein metrics on SO(l + m + n)/(SO(l) × SO(m) × SO(n)) could be estimated by using special properties of the normalized Ricci flow on generalized Wallach spaces (cf. [AbiArNiSi] , [ChNi] ). The main results in [ChNi] are the following: 
Some open problems
There is no doubt that there has been a lot of progress towards the classification of invariant Einstein metrics on generalized flag manifolds. It seems that Ziller's finiteness conjecture is in fact true in this case, that is the number of Einstein metrics (up to isometry) is finite. However, as the number of isotropy summands increases then determining the total number of Einstein metrics is getting a difficult task, especially for flag manifolds determined by classical Lie groups. The Gröbner bases techniques used can contribute a lot, but seem to be unable to shed more light in the set of invariant Einstein metrics. It seems that new tools and techniques have to be used. The deep works [Bö] by C. Böhm and [BöWaZi] by C. Böhm, M. Wang and W. Ziller constitute an alternative point of view. Also, the recent works by M.M. Graev [Gr1] , [Gr2] and [Gr3] are important contributions towards the understanding of the number of complex Einstein metrics on flag manifolds.
Concerning invariant Einstein metrics on Stiefel manifolds (or other homogeneous spaces where the isotropy representation contains equivalent summnands) the picture is more foggy. The set of invariant metrics is quite vast in this case, so searching for invariant Einstein metrics is not an easy matter. One has to search in certain subsets of the set of invariant metrics ("symmetry assumption") so that computations of the Ricci tensor get slightly simpler, and then hope to find Einstein metrics in these subsets. Even though there is considerable success by such approach, there is no particular evidence on whether the finiteness conjecture is true or not. There might even exist one-parameter families of invariant Einstein metrics.
Finally some open problems related to the generalized Wallach space SO(l + m + n)/(SO(l) × SO(m) × SO(n)) are listed in [ChNi] .
